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Abstract. In this article, we start to recall the inversion formula for 
the convolution with the Box spline. The equivariant cohomology and 
the equivariant K-iheory with respect to a compact torus G of various 
spaces associated to a linear action of G in a vector space M can be both 
described using some vector spaces of distributions, on the dual of the 
group G or on the dual of its Lie algebra @. The morphism from 7f -theory 
to cohomology is analyzed and the multiplication by the Todd class is 
shown to correspond to the operator (deconvolution) inverting the semi- 
discrete convolution with a box spline. Finally, the multiplicities of the 
index of a G-transversally elliptic operator on M are determined using 
the infinitesimal index of the symbol. 
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Introduction 



0.1. Motivations. The motivation of this work is to understand the multi- 
plicities of a representation of a torus G in the virtual representation space 
Ker(^L) — Coker(A) obtained as the index of a G-invariant, elliptic or more 
generally transversally elliptic, pseudo-differential operator A, in terms of 
the symbol. For basic definitions and results we refer to the Lecture Notes 
of Atiyah (cf. p]). 

We shall restrict to the case of a torus G (with Lie algebra q) acting on a 
vector space (to some extent this is the essential case). Let A be the lattice 
of characters of G, and for A € A, we denote by g — > g x the corresponding 
function on G. According to the theory of Atiyah-Singer (cf. pQ), in the case 
of a transversally elliptic operator, Ker(A) and Coker(A) might be infinite 
dimensional, but the multiplicity of a character is finite and the difference 
of the two multiplicities in Ker(^4) and Coker^) is the Fourier coefficient of 
the generalized function index(^4) on G. We thus obtain a function ind m (^4) 
on A so that mdex(A)(g) = J2\eA i n dm(A)(\)g x . We call ind m (^4) the 
multiplicity index map. 

A cohomological formula for the equivariant index of elliptic operators was 
obtained by Atiyah-Bott-Segal-Singer. Using integrals of equivariant coho- 
mology classes, a formula for the equivariant index of transversally elliptic 
operators was obtained in [7], [8], [24] . These formulae define (generalized) 
functions on G in terms of the Chern character of the symbol of A. How- 
ever, the behavior of multiplicities is our main interest. Remark that, even 
in the case of elliptic operators where we deal with finite dimensional repre- 
sentations, a "formula" for the multiplicities is not easy to deduce from the 
Atiyah-Bott-Segal-Singer fixed point formulae, as index(>l)(g) is given by 
different formulae for each g £ G. A similar drawback of the formulae of [7], 
[8], [24] is that for each g E G, they are defined only on a neighborhood of g 
(and with different formulae for each g E G). Thus known formulae for the 
equivariant index were not adapted to the study of the Fourier transform. 

Our point of view is new. Instead of functions on G, we consider directly 
the multiplicity index of an operator A as a function on G. Similarly we 
associate directly to the Chern character of the symbol of A a spline function 
on g*. Here splines (called also multisplines in several variables) are the fa- 
miliar objects in approximation theory: piecewise polynomial functions with 
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respect to a polyhedral subdivision of g* (see [E])- Our main theorem (The- 
orem [57TT]) says (essentially) that the multiplicity index is the restriction of a 
suitable spline function to A, a lattice in g*. Our inspiration comes from the 
"continuous analogue" of the index: the Duistermaat-Heckman measure, a 
piecewise polynomial function on g* and from the "quantization commutes 
with reduction" results on multiplicities of twisted Dirac operators. The 
key point of our approach are explicit computations of the index of some 
transversally elliptic operators in terms of vector partition functions. We 
construct two piecewise polynomial functions, one obtained from the mul- 
tiplicity index and Box splines, the other from the Chern character using 
our theory of the infinitesimal index [T7] and we compare them on genera- 
tors. Finally, our final theorem (Theorem 15. 1T[) follows from a remarkable 
inversion formula, basically due to Dahmen-Micchelli |10| . for multisplines. 

Let us first recall the basic formalism of our approach. Let M := Mx = 
(BaexL a be a complex vector space with a linear action of G where a G 
X C A is a character and L a denotes the corresponding 1-dimensional 
representation of G. 

The vector partition function Vx, a function on A which describes the 
multiplicity of the action of the torus G on polynomial functions on M 
is approximated by a multispline distribution Tx- the convolution of the 
Heaviside functions associated to the half line R + a, where a runs through 
the sequence X of weights of G in M (we assume here in the introduction 
that all weights a are on one side of a half-space and span g*). The locally 
polynomial measure Tx on g* is the Duistermaat-Heckman measure of the 
Hamiltonian vector space Mx- 

In approximation theory, one introduces another special distribution the 
Box spline Bx defined as convolution of the intervals [0, l]a (thought of 
as measures or distributions). An immediate relation between Vx an d Bx 
is the fact that the convolution of the Box spline Bx with the partition 
function Vx is the multispline Tx- The Todd operator, an infinite series 
of constant coefficients differential operators, acts on spline functions. It 
enters naturally in the " deconvolution" formula, leading to the "Riemann- 
Roch formula" for Vx in function of Tx (at least in the special case of 
X unimodular): We apply a series of constant coefficient operators to the 
piecewise polynomial function Tx and then restrict it to the lattice. In this 
way we obtain the vector partition function Vx- 

These algebraic formulae are well-known: cf. Khovanskii-Pukhlikov [19J, 
Dahmen-Micchelli Brion-Vergne [9], De Concini-Procesi |14| and they 
are equivalent to the Riemann-Roch theorem for line bundles over toric 
varieties. 

Our aim in this article is to show that the same deconvolution formula 
allows us to compute the index of any transversally elliptic operator on Mx 
in function of a piecewise polynomial function on g* associated to its symbol 
by applying to it the Todd differential operator. 
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0.2. Summary of results. Let M be a manifold, T*M its cotangent bun- 
dle and p : T*M — >• M the canonical projection. Given now a pseudo dif- 
ferential operator A between the sections of two vector bundles £ + ,£~ , one 
constructs its symbol £ = which is a bundle map £ : p*£ + — > p*£~. 

If M has a G action, we denote by T G M the closed subset of T*M, union 
of the conormals to the G orbits. Then a G-equivariant pseudodifferential 
operator A is called G-transversally elliptic if the symbol £ restricted to 
TqM minus the zero section is an isomorphism of bundles. 

The symbol of the pseudo-differential transversally elliptic opera- 

tor A on M determines two topological objects: 

1) An element of the equivariant K— theory group K G (T G M). 

2) The Chern character ch(£) of £, which is an element of the G-equivariant 
cohomology with compact supports of T G M. 

The index of A, denoted index(^4), depends only on the symbol and defines 
a map from K G (T G M) to the space of generalized functions on G. The 
Fourier transform of index(^4) is the multiplicity index map ind m (A), a 
function on A C g*. 

In [T7j, we have associated to ch(£) a distribution on g*, its infinitesimal 
index, denoted infdex(ch(£)). 

Assume now that M is a real vector space with a linear action of G. The 
list of weights of G in the complex vector space M ®r C is X U —X for some 
list X C A. For simplicity assume that X generates g*. 

For any £ € K G (T G M), we prove that the distribution infdex(ch(S)) 
is piecewise polynomial on q* . Furthermore (Theorem I5.14p . the following 
identity of locally ^-functions of £ € g* holds 

(1) ^ind m (^)(A)iWx(g-A)= ^ mfdextch^Xfl. 

ASA {Zm) 

In other words, infdex(ch(S)) is (up to a multiplicative constant) the spline 
function obtained from convoluting a Box spline with the discrete measure 
*}2 x ind m (A)(\)5\. It is easy to check this formula on the Atiyah symbols 
At F , and these elements generate the i?(G)-module Kg(T g M). In some 
sense, as explained in Part 2, this formula is the Fourier transform of the 
formulae of Berline-Paradan-Vergne. 

Apply the Todd operator associated to X U —X to the spline function 
infdex(ch(£))(£). We obtain again a spline function p on g*. Our final 
result (Theorem 15. 1T[) says essentially that the restriction of this function p 
to A is the multiplicity index. This follows from a " deconvolution" formula 
for splines functions produced by convolution with Box splines. 

0.3. Outline of the article. • In Part 1, we recall some results obtained by 
Dahmen-Micchelli in the purely combinatorial context of the semi-discrete 
convolution with the Box spline. Let X = [a±, ei2, . . . , a^] be a finite list of 
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vectors in a vector space V. The Box spline Bx is the image measure of the 
hypercube [0, 1]^ by the map (t\, t2, ■ ■ ■ , ijv) — > Yli ^i a i- 

We assume next that X span a lattice A. Convoluting a discrete measure 
supported on the lattice A by Bx produces a locally polynomial function 
on V . The first step is to prove a deconvolution formula. Define the Todd 
operator Jlaex i_f-a n • Then we prove in Theorem 12.151 that, if we apply 
(in an appropriate sense) the Todd operator Todd(X) to the Box spline and 
restrict to the lattice, we obtain the 5 function of the lattice A in the case of 
a unimodular system (a slightly more complicated formula is obtained for 
any X): 

Todd{X)*B x \k = S . 
We prove this result using our knowledge of the Dahmen-Micchelli spaces 
(see MM)- 

We show that Khovanskii-Pukhlikov formula and more generally Brion- 
Vergne formula for the partition function Vx is a particular case of the 
deconvolution formula. 

• In Part 2, we consider M := Mx as a real G-manifold, we recall our 
description of Kq(TqM) as well as Hq c {TqM) as vector spaces of distri- 
butions, on the dual of the group G or on the dual of its Lie algebra g (cf. 
|16j and [18] respectively) . We compute the infinitesimal index of the Chern 
character of the Atiyah symbol At F and descent formulae associated to a 
finite subset of elements of g € G. We use all these ingredients to give a 
general Formula, in f)34h . for the index of a transversally elliptic operator A 
in function of the infinitesimal index of the Chern character of the symbol 
of A. 

As we already pointed out, our results are motivated by previous results 
of Berline-Vergne, and Paradan-Vergne. But our point of view is dual. 
We work with functions on G or q*. This way, we are dealing with very 
familiar objects: the partition functions and the multispline functions. It 
is remarkable that the transversally elliptic operators having multiplicity 
index Partition functions are the building blocks of " all index theory" . 

We thank Michel Duflo and Paul-Emile Paradan for various comments on 
this text. 

1. Notations and preliminaries 

Let V be a s-dimensional real vector space equipped with a lattice A C 
V. We choose the Lebesgue measure dv on V for which V/A has volume 
1. With the help of dv, we can freely identify generalized functions on V 
and distributions on V. We denote by C[V] the space of (complex valued) 
polynomial functions on V. 

We denote by S 1 the circle group of complex numbers of modulus 1. The 
character group of A, G := hom(A,S' 1 ) is a compact torus, and V can be 
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identified to g*, the dual of the Lie algebra q of G. Of course if we choose 
a basis of the lattice A, then we may identify A with Z s , V with R s and G 
with (S 1 ) 3 . 

Dually, let T C = V* be the lattice of elements x G g such that (x | A) G 
2irZ for all A £ A, the torus G is g/T. If x G g, we shall denote by e 21 its 
class in G and the duality pairing G x A — > S l will be given by 

(e x ,X) ^e^l A >. 

Under this duality, A is the character group of G and will sometimes be 
denoted by G. 

We identify the space G°°(G) with the subspace of G°°(g) formed by 
functions periodic under T. If g = e x G G, we will sometimes write g x for 

L\ will denote the one-dimensional complex vector space with action of G 
given by g x . Notice that, as a real G linear representation, L\ is isomorphic 
to L_a by changing the complex structure with the conjugate one. 

More generally, 

Definition 1.1. Let X be a finite sequence of non zero elements of A. Define 
the vector space 

(2) M x := ® a &xL a . 

Thus Mx is a complex representation space for G and every finite di- 
mensional complex representation of G is of this form for a well defined 
X. 

Again the space Mx as a real G- representation depends only of the 
sequence X up to sign changes. In fact it will be very important to consider 
for a real representation space M (with no G-invariant non zero vector) all 
possible G-invariant complex structures on M. 

The space of C- valued functions on A = G will be denoted by C[A], while 
we shall set Cj\k\ to be the subgroup of Z- valued functions. We display such 
a function /(A) also as a formal series 

0(/) :=^/(A)e lA . 
AeA 

The subspace C[A] of the functions with finite support is the group algebra 
of A but can be also considered as the coordinate ring of the complex torus 
C/r as algebraic group. Finally Z[A] := C[A] n Cz[A] is the group 
ring of A but can also be considered as the character ring of G or the 
Grothendieck group of finite dimensional representations of G. Due to this, 
we shall sometimes denote it by R(G). Indeed, if T is a representation of G 
in a finite dimensional complex vector space, then TrT(g) is a finite linear 
combination of characters and this gives the desired homomorphism. 

If /(A) is of at most polynomial growth, the series g — > J2\eA fWd X 
defines a generalized function on the torus G. We denote by i? _00 (G) the 
subspace of C[A] consisting of these /(A). 
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Let us point out that A acts on C[A] by translations, namely if a € A and 
/ S C[A], (t a f)(X) ■= /(A — a). This clearly corresponds to multiplication 
by e ia on 8(/). It follows that both C[A] and R-°°(G) are C[A]-modules 
and of course Cz[A] is a Z[A]-module. We also define the difference operator 

V a := id - t a . 

Passing to the continuous setting, if we take the space of polynomial 
functions C[g] on g (equal to the symmetric algebra 5[g*]), we are going 
to consider the space of distributions P'(g*) on g* as a 5[g*]-module, us- 
ing differentiation. We denote by d a the partial derivative in the a £ g* 
direction. 



Part 1. Algebra 

2. BOX SPLINES 

2.1. Splines. Let X = [ai, a>2, ■ ■ ■ , ajv] be a sequence (a multiset) of non 
zero vectors in A. 

The zonotope Z(X) associated to X is the polytope 

N 

Z(X) := {J^tm I U G [0,1]}. 

i=l 

In other words, Z(X) is the Minkowski sum of the segments [0, ai\ over all 
vectors a 8 G 1. 

Recall that the Box spline Bx is the distribution on V such that, for a 
test function test on V, we have the equality 



(3) (Bx,test) = / ■" / test(S^tia,i)dti ■ ■ ■ dtw. 

Jti=o Jt N =o i=1 

The Box spline is a compactly supported probability measure on 1/ and 
we have 



(4) / e^B x {v) = Y[ e — -. 

If X generates V, the zonotope is a full dimensional polytope, and Bx 
is given by integration against a piecewise polynomial function on V, sup- 
ported and continuous on Z(X), that we still call Bx- 

Example 2.2. Let V = K be one dimensional and let Xf. = [1,1, ... ,1] 
where 1 is repeated k times. Figure Q] gives the graphs of Bx x , Bx 2 and 
B Xa - 

Let us describe more precisely where this function is given by a polynomial 
formula. 
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Figure 1. B Xl , B X2 , B X:i 



Figure 2. Topes for X := [ei,e 2 ,ei + e 2 ] 

Definition 2.3. An hyperplane of V generated by a subsequence of elements 
of X is called admissible. 

An affine admissible hyperplane is a translate A + H of an admissible 
hyperplane H by an element A € A. 

Remark 2.4. The zonotope is bounded by affine admissible hyperplanes. 

Definition 2.5. An element of v £ V is called regular if it does not lie in any 
admissible hyperplane. We denote by V veg the open subset of V consisting 
of regular elements. A connected component c of the set of regular elements 
will be called a (conic) tope. 

An element of v E V is called affine regular if it does not lie in any 
admissible affine hyperplane. We denote by Vre g , a ff the open subset of V 
consisting of affine regular elements. A connected component r of the set of 
affine regular elements will be called an alcove (see Figure [2]) . 

Definition 2.6. We will say that a locally L 1 function b on V is piecewise 
polynomial (with respect to (A, A)) if, on each alcove r, there exists a poly- 
nomial function b T on V such that the restriction of b to r coincides with 
the restriction of the polynomial b T to r. 

If b is a piecewise polynomial function, we will say that the distribution 
b(v)dv is piecewise polynomial. 
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We denote by VW(x,A) (V) the space of these piecewise polynomial func- 
tions on V . 

When there is no ambiguity, we may drop A or X or both and write 
simply VW X (V) or VW(V). 

Remark 2.7. • W(m(^) is preserved by the translation operators, 

t a , a £ A. 

• The polynomial function b T is uniquely determined by b and r. 

• The support of a piecewise polynomial function is a union of closures 
of alcoves. 

• If X generates V, the Box spline Bx is a piecewise polynomial func- 
tion supported on the zonotope Z{X). Furthermore, if for any a in 
X, X \ {a} still spans V, this piecewise polynomial function extends 
continuously on V. In particular this applies if is an interior point 
in Z(X). 

A piecewise polynomial function h maybe continuous. In this case, its 
restriction to the lattice A is well defined. If not, we may define the "re- 
striction" of h to A by a limit procedure as follows. 

Consider a piecewise polynomial function h on V. Let c be an alcove in 
V containing in its closure. Then for any A € A, r = A + c is an alcove on 
which h is the polynomial h T . We thus define a map lim c : VW(V) —> C[A] 
by setting 

lim(/i)(A) := h T (X). 

c 

Example 2.8. Consider the box spline Bx 1 in Figure [TJ If c is the alcove 
]0, 1[, then lim c Bx 1 (0) = 1, as we take the limit from the right, while 
lim_ c Bx 1 (0) = 0, for the opposite alcove. 

Notice that the operator lim c on VW(V) commutes with translations by 
elements of A. 

It is convenient to think of an element in 7 ? W(x,A) (V) as a function only 
on the set of affine regular points. As such, differentiating alcove by alcove, 
this space is a module over the ring of formal differential operators of infinite 
order with constant coefficients. 

Therefore we may set 

Definition 2.9. Given an operator D of infinite order with constant coef- 
ficients and b G WV(x,A)(V) we shall denote by D pw b G VWrx,A)(y) the 
element defined by the action of D on b alcove by alcove: 

(D pw b) T = Db T 

Notice that the action D pw on VW(V) commutes with the action of trans- 
lation by elements of A. type. 

Warning We may act on such a function, thought of as distribution, 
with a finite order differential operator. In general we get a different result 
to that we obtain taking this function of affine regular points, applying the 
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same operator and then considering the result as a L 1 function. Indeed the 
two coincide only on the set of affine regular points. 

Example 2.10. Consider again the Box spline Bx x from Figured) Then if 
we consider Bx\ a s a distribution, we have dBx 1 = So — 5\, a difference of 
two delta functions, while d pw Bx 1 = 0. 

If K is a polynomial function on V, we will say that the function A i— > K(X) 
is a polynomial function on A. The polynomial function K is determined 
by its restriction to A. A function k on A for which there exists a sublattice 
A' of A such that, for any £ € A, the function v — > k(£ + u) is polynomial 
on A' will be called a quasi polynomial function on A. 

We denote by 5q the function on A identically equal to on A, except for 
<Jo(0) = l. 

Definition 2.11. If f G C[A], define the distribution Bx *d f by 

Bx * d f = J2f( X ) t * B x- 

AeA 

When X spans, this gives rise to the piecewise polynomial function 

(B x *d f)(v) = J2fWBx(v-X). 

AeA 

The notations *d means discrete. Bx *d f is the convolution of Bx with 
the discrete measure ^ A f(A)5\. 

We denote (to emphasize the difference with the discrete case) the usual 
convolution of two distributions 9±, 62 (with some support conditions so that 
their convolution exists) by 0\ * c 62 ■ 

Our aim is to write an inversion formula for / — > Bx *df- As this operator 
is not injective, we will need a few other data. 

Remark 2.12. If p € C[V] is a polynomial, then by Taylor formula, we have 
tbp = e~ db p. 

If Y is a sequence of vectors, we define the operator I(Y) on C[V] by 



(5) I(Y) := J] 



1 - e~ 9a 



d a 

Then, by integrating the Taylor formula, we have 

/ ••• / p(v-(J2Uai))dti---dt N = (I(Y) P )(v). 

Jt!=0 Jt N =0 i=1 

The operator I(Y) is an invertible operator on C[V]. We denote the 
inverse of I(Y) by ToddiY): 

(6) Todd(Y) := J] — °" 



a£Y 
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Notice that 




Jti=Q Jt N =o 



for any distribution f on V. Thus 

Proposition 2.13. For p a polynomial function on V , the usual convolution 
Bx *cP is still a polynomial given by the formula Bx *cP = I(X)p and its 
inverse is given by the operator Todd(X) . 

2.14. Inversion formula: the unimodular case. Recall that a sequence 
X is unimodular if X spans V and if any basis a of V extracted from X is 
a basis of A. We will prove now that if X is unimodular, then the inverse 
of the semi-discrete convolution by the box spline Bx 



is obtained by applying the operator Todd(X) pw (cf. Definition 12. 9ft to the 
piecewise polynomial function Bx *dK and then passing to a suitable limit. 

Theorem 2.15. Assume that X is unimodular. Let c be an alcove in V 
containing in its closure and contained in Z{X). Then 

i) lim c (Todd(X) pw B x ) = S . 

ii) For any K € C[A], 



Remark 2.16. If belongs to the interior of the zonotope Z(X), one can 
show that the function Todd(X) pw Bx extends to a continuous function on 
V. We will recall this result in Remark 13. 151 

Remark 2.17. The two items in Theorem 12.151 are equivalent statements. 
The first item is the particular case of the second item applied to K = 
So, and the other is deduced from the first one by writing K as a linear 
combination of translates of Sq. However, we list them independently as we 
want to emphasize this striking property of the Box spline function. Figure 
[3]describes (Todd(X) pw Bx) for X = X\,Xi,X^. 

We will give the proof of this theorem in Subsection 12.261 after having 
introduced some further notions. 

2.18. Dahmen-Micchelli spaces. Let us recall some facts on Dahmen- 
Micchelli polynomials. 

If / is a sequence of vectors, we define the operators dj := Y\ a€ j d a and 
V/ := riae/^ a - These operators are defined on distributions B since by 
duality we can set: 



K -> B x *d K; 



C[A] -> VW(V) 



K = lim(Todd(X) pw (B x * d K)). 



(t a B,test) = (B,t_ a test) 



(d a B,test) 



(B,d a test). 
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0.2- 



0.4- 




Figure 3. Todd(X 1 ) pw B Xl , Todd(X 2 ) pw B X2 , Todd(X 5 ) pw B X5 

If Y is a subsequence of X, by X \ Y we mean the complement in X of 
the sequence Y. If 5 is a subset of V, we also employ the notation X \ S for 
the sequence of elements of X not lying in S, and X n S for the sequence 
of elements of X lying in S. We have the following equality of distributions 
(cf. [H] Proposition 7.14): 



A subsequence Y of X will be called long if the sequence X \ Y does not 
generate the vector space V. A long subsequence Y, minimal along the long 
subsequences, is also called a cocircuit. In this case Y = X \ H where H is 
an admissible hyperplane. 

In particular, if Y = X \ H, using equation we have that dyB x = 
Vy-BxnH is supported on the union of the affine admissible hyperplanes 
which are translates of H by elements of Y. So the restriction of dyB x to 
any alcove r is equal to 0. 

Recall the definitions. 

Definition 2.19. 1) The space D(X) is the space of (generalized) functions 
B on V such that dyB = for all long subsequences Y of X. 

2) The space DM(X) is the space of integral valued functions K on A 
such that VyiT = for all long subsequences Y of X. 

Of course, it is sufficient to impose these equations for Y running along 
all cocircuits. 

If X spans V, it is easy to see that D{X) is a finite dimensional space of 
polynomial functions on V and that DM{X) is a free abelian group of finite 
rank of quasi-polynomial functions on A [TO] (see |14j). 

In our paper we need to compare often D(X) with DM(X). In order to 
do this it is more convenient to extend DM(X) to the spaces DM(X)^ := 
DM(X)<g) K , DM(X)c ■= DM(X)®c respectively of real or complex valued 
functions satisfying the same difference equations as DM(X) (cf. Theorem 
I2.25p . Sometimes by abuse of notations we shall drop the subscript C and 



(7) 



dyB x = VyB x \ y . 
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just write DM(X) for DM(X)q. Similarly we could take complex valued 
solutions of the diffrential equations getting the space D(X)c '■= D(X)®c- 

The restriction of a function p € D(X) (a polynomial) to A is in DM(I)®i. 
If X is a unimodular system, this restriction map is an isomorphism. 

The space D(X) is invariant by differentiations. The space DM{X) is 
invariant by translations by elements of A. 

The following lemma follows from the definitions. 

Lemma 2.20. If Y is a subsequence of X such that X \ Y still generates 
V, then dyD(X) is contained in D(X \ Y) and VyDM(X) is contained in 
DM(X\Y). 

Remark 2.21. In fact the operators dy and Vy are surjective onto D(X\Y) 
and DM{X \ Y) respectively. This is a more delicate statement, that we 
proved in |16| (and over Z for DM). We will not use this stronger statement 
here. 

If t is an alcove contained in Z(X), then the polynomial B x is a non zero 
polynomial belonging to D(X) (as seen from Equation ©). 

Lemma 2.22. If K G DM(X), then B x * d K 6 D(X). 

Proof. Let H be an admissible hyper plane. Then 

9x\h(B x *d K) = d x \H_B x *d K 

= BxnH *d (V x \hK) = 0. 

□ 

The following result is proved in [10] (see also [H], [25]). 

Theorem 2.23. If K is the restriction to A of a polynomial k € D{X), 
then B x *d K is equal to the polynomial I(X)k. 

Thus on the space D(X), the operator B x *' k := B x *d K, called semi- 
discrete convolution, is an isomorphism with inverse Todd(X). 

We will need some structure theory on DM(X). 

Let c be an alcove. Let us consider any point e € c. It is easy to see that 
the set (e — Z{X)) D A depends only of c. One gives the following definition: 

Definition 2.24. Let c be an alcove. We denote by S(c \ X) := (e — Z(X)) n 
A, where e is any element of c. 

We finally recall the following important theorem of Dahmen-Micchelli 
033 M (see [H]). 

Theorem 2.25. Let c be an alcove. For any £ € 5(c\X), there exists a 
unique Dahmen-Micchelli element k^ € DM(X) such that 

ki°(is)=0 

if v e 5(c | X) and v ^ £. 
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2.26. Proof of the inversion formula. After these definitions, let us re- 
turn to the proof of the inversion formula in the unimodular case. We 
consider an alcove c contained in Z(X) and containing in its closure. 

Proof. By Remark 12. 171 it is enough to prove i). 

By definition, lim c (Todd(X) pw B x )(X) = (Todd(X)B x +c )(X). If (A + c) n 
Z(X) = 0, then B x + < = so hm c (Todd(X) pw B x )(X) = 0. 

We now fix a point A such that the alcove A + c does intersect Z(X). The 
point A = is such a point, by our assumption on c. 

The condition (A + c) PI Z(X) ^ is equivalent to the fact that G 
<5(A + c | X). Remark that A = A + e — e, e G c is also in <5(A + c | X). By 
Theorem 12.251 there is a unique element p\ c := k^) c in DM{X) coinciding 
with 5q on 5(X + c | X). 

Let us compute (B x *dPx,c)( v ) with v G A + c. Using the definitions, for 
such ai), we have 

{Bx *dP\,c)(v) = ^2p\ tC {v)B x (v - v) = P\,c( u ) B x(v - v). 

uGA ve8(\+c l X) 

The second equality follows from the fact that the support of Bx is Z{X). 
As on S(X + c | X), pa,c vanishes except at 0, we obtain from Lemma 12.221 

B X +C = B X *dP\,c- 

At this point we use the fact that X is a unimodular system, so that the 
restriction map from D(X) to DM{X) is an isomorphism. Thus p\ s is the 
restriction to A of a polynomial still denoted by p\ iC belonging to D(X) and, 
by TheoremEL2! B x +C = I{X)p x , t - It follows that Todd(X)B x +c = p A _ c and 

p x , c (X) = \im(Todd(X) pw B x )(X). 

c 

As p\^(X) = 0, when A 7^ and p\ tC (0) = 1, this proves our claim. □ 

2.27. Inversion formula: the general case. We keep the notations of 
G is a torus with group of characters of A. For g £ G and A G A, define 

X3 :={aeX\g a = l}, G x := {g € G | g X = 1}. 

For each a G X the set G a is a subgroup of codimension 1, these groups 
generate a toric arrangement Ax , formed by all connected components of the 
intersections of these groups G a . Of particular importance are the vertices 
of the arrangement which can also be described as follows. 

Definition 2.28. We say that a point g G G is a toric vertex of the ar- 
rangement Ax if X 9 generates V. We denote by V(X) C G the set of toric 
vertices of the arrangement Ax ■ 

If g is a vertex, there is a basis a of V extracted from X such that g a = 1 , 
for all a £ a. We thus see that the set V(X) is finite. We also see that, if X 
is unimodular, then V(X) is reduced to g = 1. 
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For g € G, we think of g € C[A] and denote by g the operator on 
C[A], given by multiplication by g x : (gK)(\) = g x K(X). If v G A, then 

We introduce next the twisted difference and differential operators. 
We set, for a vector a or for a sequence Y of elements of A, 

(8) Vi:=l-g- a t a , V( S ,7)=[]V» 

(9) Dl:=l-g- a e- d % D(g,Y) = ]J D*. 

a& 

The operator X7(g, Y) acts on functions on A. One has the formula 

(10) g-^Yg = V(g,Y). 

The operator V(g, Y) being a linear combination of translation operators 
acts also on piecewise polynomial functions on V. The operator D(g, Y) 
acts on piecewise polynomial functions on V by its local action D(g,Y) pw . 

Be careful: The operators D(g,Y) and V(g, Y) coincide on C[V], but 
their action is not the same on piecewise polynomial functions. Indeed the 
operator / i-> D(g,Y) pw f respects the support of /, while the operator 
V(p, Y)f may move the support of /. 

If g a ^ 1, then Da = (1 — g~ a ) + g~ a (l — e~ da ) is an invertible operator on 
polynomial functions with inverse given by the series of differential operators 

00 -a 

(Dir 1 = (1 - g- a )- 1 £(-l)*(^_)*(l - e -^) fe . 
k=o 9 

HYcX\X9, we have also D(g, Y)- 1 = l\ aeY (D 9 a )- 1 , an infinite series 
of differential operators. 

For K £ C[A] and g € V(X), we define the function 

(11) oj g (K) := B X9 * d (g^V x \ X9 K) . 

The function co g (K) is a piecewise polynomial function on V with respect 
to (X 9 , A), thus a fortiori with respect to (A, A). 

Theorem 2.29. Let c be an alcove in V containing in its closure and 
contained in Z(X). Then 

i) So = E gm x) 9 lim c {D(g, X \ X^Todd{X3)) pw (V(g, X \ X 9 )B X3 ). 

ii) For any K <G C[A], one has the inversion formula: 



K= £ g^iD^XXX^ToddiX^^K). 

geV(X) 
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Remark 2.30. The first assertion is a particular case of the second. Indeed, 
for K = So, as g5o = So, we have 

u g {K) = B X3 * d {g^Vx^gSo) = B X3 * d V(g, X \ X 9 )5 

thus 

(12) u g (5 ) = V(g,X\X 9 )B X9 . 

We will see later that the second assertion is a consequence of the first. 

In order to prove Theorem I2.29| we shall follow essentially the same 
method of proof used in the unimodular case. 

Notice that the restriction K of a function k € D(X) to A is an element 
of DM(X). Recall the following structure theorem. 

Theorem 2.31. (see [14J Formula 16.1 and Theorem 17.15) 

(1) If g € V(X) is a toric vertex of the arrangement X and k € D{X 9 ), 
the function gK belongs to DM{X). 

(2) We have DM(X) C = ® geV(x) gD(X9) c . 

(3) Let E(X) = ® g -t X gD(X 9 ). Then, for any K £ E{X), B x * d K = 0. 

Given an element g £ V(X), recall that the map S/ X \ X9 sends DM(X) 
to DM(X9). We have 

Lemma 2.32. Take g, h G V(X). 

i) If he V{X3), then 

(13) V x \ X3 hD(X h ) C hD(X h n X 9 ). 

ii) If hi V{X9), then 

V x \ X9 hD(X h ) = 0. 

Proof. Let K be a function on A. An operator Vy acting on hK can be 
analyzed by decomposing Y = Z U R into the part Z of elements a € Y such 
that h a = 1 and the complement R. Then 

(14) VyhK = hCh- 1 ^ zh)^- 1 ^ R h)K = hV z V{h, R)K. 

In particular we apply this to Y = X \ X 9 which, for a point h of the 
arrangement, we separate into the subsequences Z := X h n (X \ X 9 ) = 
X h \ X 9 and R := X \ (X h U X 9 ). We obtain from ([Ti]) 

V x \ X9 hD{X h ) = hV xhxxa V(KR)D{X h ). 

The operator X7(h,R), a finite combination of translations, preserves the 
space D(X h ). Thus we get 

(15) V x \ Xa hD{X h ) C hV xh \ Xa D(X h ) = hV xh \ Xa D(X h ). 
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and i ) follows from Lemma 12.201 . 

Furthermore, by definition, a point h is a vertex of the arrangement X 9 
if and only if the vectors in X h n X 9 span V. So if h $ V(X a ), X h \ X 9 is 
a long subsequence of X h and \/ X h \xsD(X h ) = getting ii). 

□ 



u g {K) = B X3 * d {g- l V x \x s K) G D(X 9 ) 



Proposition 2.33. If K G DM(X), then 

7 X\X9 

Proof. Indeed, V X \ X9 K € DM(X 9 ) and (T 1 preserves DM{X 9 ). Thus 
ujg(K) is a polynomial belonging to D{X 9 ) by Lemma 12.221 

□ 

Proposition 2.34. Xei if G DM(X). Write K = Y, g eV(X)9 K g> with 
kg G D(X 9 )c restricting to K g . Then we have 

kg = D(g,X\X 9 )- 1 Todd(X 9 )ujg(K). 

Proof. Let kh G D(X h )c. Let us compute u„(hKh) for each g G V(A). 

By Lemma 12.321 V x\xahKh is zero unless h is a vertex of X 9 . 

Assume now that h is a vertex of X 9 . Then Vx\xshKh = hZ where Z 
is the restriction of a polynomial z lying in D(X 9 n X h )c. 

Clearly g^h is also a vertex of X 9 and Jf 9 n X 9 ' 1 * 1 = X 9 n A ft . We 
deduce using Lemma [2]32] i) that, ii g ^h, 

g- x Vx\x*hK h g <F^(A 9 n A^ 1/l ) c c 



So, by Theorem 12.311 

uj g (hK h ) = B X 9 *d [g' 1 ^ x\XahKjA = 0. 

Finally, if h = g, we obtain that g _1 V x\xa9^g is the restriction to A 
of the polynomial D(g, X \ X 9 )k g G D(X 9 ) C . By Theorem [IT231 the semi- 
discrete convolution acts by the operator I(X 9 ) on D(X 9 ), so that we get 

Ug{gK g ) = D(g,X\X 9 )I{X 9 )k g . 

In conclusion, 

'O if /i / 5 
D{g,X\X9)I{X9)k a if h = g. 

This implies our claims. □ 

We are now ready to prove our main Theorem 12.291 
We compute the function j on A given by 

j= gl^iD&XXX^ToddiX^^iV&XXX^Bxs). 
geV(X) 

We proceed as in the proof of Theorem 12.151 The support of V(g, X \ 
X 9 )Bx9 is contained in Z(X). Indeed if / is a subsequence of X \ X 9 , 



oj g {hK h ) 
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Y^ ieI a-i + Z(X 9 ) C Z(X). So, if A G A and (A + c) n Z(X) is empty, we see 
that j (A) = 0. 

Now assume that (A + c) D Z(X) is not empty. Then the points and A 
belong to 5(X + c | X). Let p\ tC be the element of DM(X) which coincides 
with So on 5(X + c|X). Let us show that j(X) = p\ )C (X), so that we will 
obtain i). 

We decompose p\ tC according to Proposition 12.341 It is sufficient to prove 
that the polynomial u g (p\ tC )(v) coincides with the piecewise polynomial 
function V(g, X \ X 9 )B X 9 on A + c. That is, if v € A + c, 

(16) oj g (p x , c )(v) = (V(g,X\X°)B x ,)(v). 
Indeed, by Proposition 12.341 we have 

u g (px, c ) = B xs * d g- l ^(X \ X 9 )p x>c = B X3 * d V(g, X \ X 9 )g^PX,, 

so, since semi-discrete convolution commutes with translation, 

w 9 (pa,c) = V(g,X\X9)(B xs * d rW>- 

For any subsequence I of X \ X 9 , set aj = a>i- In order to see (fl~6l) . 
we need to show that for v € A + c, 

(17) B xg (v - ai) = (B X9 * d 5 -1 PA,c)(« ~ «/)■ 
By definition, the right hand side of this expression equals 

^2,9~ v P\iW)B X B{v - a/ - u). 

Now the summand B X g(v — aj — v) is zero except if v — ai — v is in the 
zonotope Z(X 9 ). But if this is the case, v — v € Z(X 9 ) + ai C Z(X), so 
necessarily v lies in 5(X + c \ X). From this (|17p and hence (|16|) follow by the 
special choice of p\ s - The proof of the first item of Theorem 12.291 is finished. 
Let us prove the second item. Define 

j(K)= 5hm(^( 5 ,X\^)- 1 T dd(X^))^i? xs *r 1 Vx\x^ 

geV(X) 

= J] g\im(D(g,X\X 9 )- 1 Todd(X 9 )) pw B xs *V(g,X\X 9 )g- 1 K. 
gGV(X) 

Then K — > j(K) is an operator of the form ^2i g gR g g~ l K where R g is an 
operator commuting with translations by elements of A. Thus the operator 
K — > j(K) commutes with translation. Furthermore it is clear that the for- 
mula for j(K)(X) involves only a finite number of values of K(u) (contained 
in A — Z(X)). Thus to prove that j{K) = K, it is sufficient to prove it for 
K with finite support. By translation invariance this case follows from the 
formula for 5q. 
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3. Partition functions and splines 

3.1. The formula of Brion-Vergne. If Y is a sequence of elements of A 
generating a pointed cone Cone(y), then we can define the series 

oo 

a& k=0 

We write _ 

AeA 

where Vy 6 Cg[A] is, by definition, the partition function associated to Y. 
For any subsequence S of Y, we then have 

(18) V s Vy = Vy\ s . 

In particular VyVy = 5o, the delta function on A. 

Similarly, we can define the multivariate spline Ty which is the tempered 
distribution on V defined by: 

k 

/*oo /"OO _ _ 

(19) (T Y \f)= ... /( V U<H)dti ...dt k 

Jo Jo i=l 

where Y = [ai,a 2 , . . . , afe]. 

For any subsequence S of Y, we then have 

(20) d S Ty = Ty\ s . 

In particular dyTy = Sq, the ^-distribution on V. 

Decomposing a ray as a sum of intervals, the following formula of Dahmen- 
Micchelli follows. 

Proposition 3.2. 

Ty(v) = (By * d Vy)(v) = Y J By(v- X)Vy(X). 

AeA 

Let us see that the formulae obtained in [9] are a corollary of the general 
inversion formula of Theorem 12.291 We assume that X generates the vector 
space V and spans a pointed cone (thus with non empty interior). It follows 
that Tx is a piecewise polynomial distribution on V. 

Let us apply the inversion formula of Theorem 12.291 to the partition func- 
tion Vx- From the equations 

g~ ^X\XaVx = 9~ Vx<3 = Vxa, B X 9 *d Txa = T X a , 

we deduce from Theorem 12.291 

Theorem 3.3. Let c be an alcove contained in Cone(X) and having in its 
closure, then Vx coincides with: 

< 2i > e sum ( n n T^k^ T A • 

geV(X) \bexs aex\xn J 
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More generally, given a sequence of non zero vectors Y in A, where we do 
not necessarily assume that Y spans a pointed cone, we can define polarized 
partition functions as follows. Consider the open subset {u € V* \ (u, a) ^ 
for all a € Y} of V*. A connected component F of this open set will be 
called a regular face for Y. An element E i 7 decomposes Y = A U B where 
4> is positive on A and negative on B. This decomposition depends only 
upon F. We define 

oo oo 

©y=(-i) |Bi nE efca riE e " fcb - 

aeAk=0 beB k=l 

Thus e£ = (-l)l B le-^ es &e A u-B- 

Morally, 8£ = \[ a& = UaeA UbeB JZ^F* ■ But we need to 
reverse the sign of the vectors in B in order to insure that they lie in a 
given pointed cone (depending on F) so that the convolution product of the 
corresponding geometric series makes sense. 

We write 

AeA 

where Vy € C[A] is the polarized (by F) partition function. The polarized 
partition function is a Z- valued function on A. 

We define similarly 

t f = (-i)\m TAt _ B 

a distribution on V and call it the polarized multispline function. 
As for Proposition 13.21 it is easy to verify the following, 

Proposition 3.4. For any regular face F for Y , one has By *d Fy = Ty 

Proposition 13.41 implies that Bx = VxT%- Thus Bx is a linear combina- 
tion of translates of multisplines T£ . 

3.5. The spaces F(X) and Q{X). In this subsection, we recall the def- 
initions of the subspaces F(X), a subspace of functions on A, and Q{X) 
a subspace of distributions on V introduced in [15]. They will be central 
objects in Part II as these spaces are related to the equivariant i^-theory 
and cohomology of some G-spaces. 

We use the convolution sign * for convolutions between functions on A, 
or distributions on or semi discrete convolution between a function on A 
and distributions on V . The meaning will be clear in the context. 

Definition 3.6. A subspace s of V is called rational (relative to X) if s is 
the vector space generated by X n s. 

We shall denote by Sx the set of rational subspaces. 

Denote by Cz[A] the Z- module of Z- valued functions on A. Define the 
following subspace of Cz [A] . 
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Definition 3.7. 

J-{X) := {/ : A — >• Z | Vxw/ is supported on A n r for all r € 
We set .F(AT) to be the Z[A] module generated by .F(X). 

The space ^(X) contains clearly the space of Dahmen-Micchelli quasi 
polynomials DM(X) and all polarized partition functions V€- 

Remark 3.8. Assume that X is unimodular. Let r be a tope. We have 
proven in |15| that a function / in J~(X) coincide on (r — Z(X)) n A with 
the restriction of a polynomial function h T . Thus we see that this collection 
of functions h T \ T extends to a continuous function on the cone Cone(X) 
generated by X. 

We have a precise description of F{X) and J~(X) in Theorem 4.5 of [15j . 

Theorem 3.9. • Choose, for every rational space r, a regular face F r 

for X \ r . Then: 

(22) F(X) = ®reS x K\ L * DM(X n r). 

• T{X) is spanned over Z[A] by the elements V x as F runs over all 
regular faces for X. 

Thus any Dahmen-Micchelli quasi-polynomial p in DM(X) can be written 
as a linear combination of polarized partition functions for various F. 
It is not so easy to do it explicitly. 

The easiest instance of this result is when A = Z. In this case one has 
only two rational spaces R and {0}. Thus our results says that, if we take 
as -F{o} the positive half-line R-°, every element in F(X) can be written 
uniquely as the sum of a quasi polynomial in DM(X) and a multiple of the 
partition function . 

In general the decomposition (i22l) is not so easy to compute explicitly. 

We defined in [15] an analogue space of piecewise polynomial distributions 
on V. 

Denote by T>'(V) the space of distributions on V. Let r be a vector 
subspace in V. We have an embedding j : V'(r) — > V'iV) by (J(9),f) = 
(9,f\r) for any 6 £ V(r), f a test function on V. We denote the image 
j(TJ'(r)) by T>'(V,r) (sometimes we even identify T>'(r) with T>'(V,r) if there 
is no ambiguity). We next define the vector space: 

Definition 3.10. 

G(X) := {/ G V(V) | 8 xv f G V{V,r), for all r G S x }. 

We set G{X) to be the module generated by Q{X) under the action of the 
algebra S[V] of differential operators with constant coefficients. 
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It is clear that Q{X) contains the space D(X) of Dahmen-Micchelli poly- 
nomials (we identify freely a locally L 1 -function p and the distribution p(v)dv 
using our choice of Lebesgue measure) as well as the polarized multisplines 

r|. 

Theorem 3.11. • Choose, for every rational space r, a regular face 

F r for X \ r. Then: 

(23) G(X) = ®reS x T% r * D(X n r). 



• The space G{X) is generated as S[V] module by the distributions T^ 
as F runs over all regular faces for X . 

It follows from this theorem that any 6 in Q{X) is a piecewise polynomial 
distribution on V . 

3.12. An isomorphism. We want to show now the strict relationship be- 
tween the two spaces F{X) and Q{X). We may use real valued functions 
DM(X) <g> K and J~{X) ® M defined by the same difference equations. 

The spaces F(X) and G(X) are related by the semi-discrete convolution 
with the Box spline Bx- Indeed, the following lemma generalizes the fact 
that a Dahmen-Micchelli quasi polynomial becomes a polynomial in D(X) 
by the semi-discrete convolution. 

Lemma 3.13. Iff G F{X), then f * B x € Q{X). 

Proof. If / G ^(X), then Vx\ r / is supported on r for every rational sub- 
space r. We need to show that dx\ r f*Bx G £>(l) for every rational subspace 
r. 

We have from Formula ([7]) 

dx\rf *B X = f* d x \rB x = f * ^x\rBxn L = (V X \r/) * B xn L - 

Since Vx\ r f is supported on A fir, we have that (Vx\rf) * Bxnr G T>(r) as 
desired. □ 

Theorem 3.14. The map f h4 / * Bx induces a surjective map 

i:F{X) ® Z R^G(X) 

compatible with the two decompositions (\22\i and (|23p . 
If X is unimodular, i is a linear isomorphism. 

Proof. We have 

G{X) = ®res x T x \ r *D(X^r), 

while 

F(X) = @ L eS x V F x \ r * DM(X n r). 
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Under the mapping /—>•/* B x , we have that DM(X) (g) R maps sur- 
jectively to D{X). Furthermore, in the unimodular case, it induces a linear 
isomorphism onto D(X). 

Then consider an element V x \^ r * u, u € DM(X n r) we have 

F F F 

V x \r *U* B X = V x \r * U * B X\r * B X Dr = * (B X nr * u) 

and the claim follows. □ 

Remark 3.15. If X is unimodular, the inverse of i is given by the deconvo- 
lution formula: 

= lim Todd(X) * pw h 

where c is an alcove contained in Z(X). 

Consider a function h G G{X). Then the locally polynomial function 
Todd(X)* pw h coincide on topes rflA with the function g T with g = £ 
J-(X). It follows from the continuity properties of elements of F(X) that the 
locally polynomial function Todd(X) * pw h extends continuously on the cone 
generated by X. In particular, if Z(X) contains in its interior, Todd{X)* pw 
h extends continuously on V. 

The Box spline B x is a combination of translates of elements T% which 
belongs to Q{X). It follows that Todd(X) pw Bx extends continuously on V. 
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Part 2. Geometry 

4. Equivariant K-theory and equivariant cohomology 

4.1. Preliminaries. Although the theory we are going to review exists for 
a general compact Lie group G, we restrict our treatment to the case in 
which G is a compact torus and denote by A its character group. 

We want to apply the preceding purely algebraic results in order to com- 
pare the infinitesimal index, and the index associated to the symbol of a 
transversally elliptic operator on a linear representation of G. 

Let N be a G manifold provided with a real G-invariant form a. We 
assume that N is oriented. If v x is the vector field on N associated to 
x G g, the moment map fi : N — > g* is defined by (/j,(n),x) = —(a,v x ), 
(n G N,x G g and the sign convention is that v x = ^ exp(— ex)n| e =o)- 
Define Z as the zero fiber of the moment map. 

Remark 4.2. We will mainly apply the construction described below to the 
case where N = T*M is the cotangent bundle to a G-manifold M, and uj is 
the Liouville one form defined for m G M, £ G T^M and V a tangent vector 
at the point (m,£) G T*M by 

(24) u m ^{V) = {£,p*V). 

By definition, the symplectic form = —du> is the symplectic form of 
T*M, and we will use the corresponding orientation of T*M to compute 
integrals of differential forms on T*M. 

If v x is the vector field on M associated to x G g, the moment map 
fi : T*M — > g* is then (/x(m, £), x) = —{^,v x ), and the zero fiber Z of 
the moment map is denoted by TqM. In a point m G M the fiber of the 
projection p : TqM — > M is the space of covectors conormal to the G orbit 
through m. 

For reasons explained later, we will use the opposite form -co, the opposite 
moment map —fx and, as stated before, the orientation given by — duj. 

4.3. Transversally elliptic symbols and their index. Let Z be a topo- 
logical space provided with an action of G. Let 5 + and £~ be two complex 
equivariant vector bundles over Z. Let S : £ + —¥ £~ be a G-equivariant 
morphism, and for zGZ, denote by S z : £+ — >■ £~ the corresponding linear 
map. Recall that i/ie support of E is the subset of Z consisting of elements 
z where S 2 is not invertible. 

Let us now recall the definition of the multiplicity index map. 

Let £ + and £~ be two complex equivariant vector bundles over M. If 
E : p*£ + — > p*£~ is a G-equivariant morphism, we say that S is a G- 
equivariant symbol. Thus, for m G M, £ G T^M, T, m ^ is a linear map : 
—7- If the support of S is a compact set, we say that S is an elliptic 
symbol, and E determines an element [E] in .?L£,(T*M). If the support of 
E intersects TqM in a compact set, we say that E is a transversally elliptic 
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symbol (it is elliptic in the directions transverse to the G-orbits). Then £ 
determines an element [S] in Kq(TqM) and all elements of this group are 
obtained in this way (cf. pQ). 

Recall that Atiyah-Singer [lj have associated to any transversally elliptic 
symbol a virtual representation of G of trace class. The induced trace of 
operators associated to smooth functions on G is its index, a generalized 
function on G. By taking Fourier coefficients, one then gets a homomor- 
phism of R(G) = Z[A] modules 

ind m : Kq(TqM) — >■ Cz[A] 

called the index multiplicity function. When the symbol £ is elliptic, one 
gets that ind m (S) has finite support and the index is a virtual character of 
G. 

In [16] we have studied in particular the case M = Mx the linear rep- 
resentation associated to a list X of characters and proved that ind m : 
Kq(TqMx) — > Cz[A] gives an isomorphism of Z[A]-modules onto T(X) (see 
Definition I3.7p . Moreover, if M x denotes the open set of points with fi- 
nite stabilizer we have that the map ind m establishes an isomorphism of 
K^(T^M X ) with DM{X). 

Since, as we have recalled in Theorem 13.91 F{X) is spanned over Z[A] 
by the elements Vx as F runs over all regular faces for X, in order to find 
generators of Kq(TqMx), we are going to construct certain symbols whose 
index multiplicity gives Vx- 

4.4. Some explicit computations for i^T-theory. Let Y be a sequence of 
vectors in A and My = a gyL a the corresponding complex G-representation 
space. We write z = 0z a an element of My, with z a £ L a . 

We choose a G- invariant Hermitian structure <, > on My. 

We first recall here the description of the generator Bott(My) of Kq(My), 
a free module of rank 1 over R(G). Let E := [\My with the Hermitian 
structure induced by that of My, graded as E + (BE~ by even and odd degree. 
Then, for z £ My, consider the exterior multiplication m(z) : E — > E, 
m(z)(uj) := z A gj, and the Clifford action 

(25) c(z) = m(z) — m(z)* , 

of My on E. One has c(z) 2 = — \\z\\ 2 so that c(z) is an isomorphism, if 
z / 0, exchanging the summands E + and E~ . Consider the complex G- 
equivariant vector bundles £^ = My x E^. The G-equivariant morphism 
from £ + to £~ defined by T> z (uj) = c{z)uj is supported at 0, thus defines an 
element Bott(My) of K° G (M Y ), generator of K^(M Y ) over R(G) = Z[A]. 

Notice that, if Y = Y 1 U Y 2 , /\ My = /\ M Yl <g> f\ My 2 and Bott(My) is 
the external tensor product of the symbols Bott(My 1 ) and Bott (My 2 ). 
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Definition 4.5. Given a G-invariant Hermitian structure <, > on My, we 
define the G-invariant real one form 

ay = — -9 < z, dz > . 

Here 9 : C — > M is the imaginary part. 

For example if M = L a ~ M 2 and z = v\ + iv2, then a = ^(vidv2 — V2dvi). 
We consider the moment map [iy for ay. Thus 

Definition 4.6. We define Zy to be the zero fiber of the moment map fiy. 
Zy := {z G My I \ z a?a = 0}. 

This set Zy was also denoted M Y in [18J. However, as when Y = XU—X, 
we will use different moment maps on My, we keep the notation Zy for the 
set of zeroes of the moment map fj,y defined above. 

The following construction of some elements of Kq(Zy) is due to Boutet 
de Monvel. 

Of course the Bott element Bott (My) restricts to Zy as an element of 
Kq(Zy). Let us construct some genuine elements not coming from the space 

K%{My). 

We start with a simple case. Assume first that there is an element 4> £ g 
which is strictly positive on all the characters a € Y . It follows that Zy = 
{0} and the equivariant K-theory of Zy is the Z [A] -module generated by 
the class of the trivial vector bundle C over the point Zy (which is in fact 
Bott({0}). 

We come now to the case of an arbitrary sequence Y of weights. Let F be 
a regular face for Y, we take a linear form <p G F, which is non-zero on each 
element of Y. We write Y = A U B, A being the subsequence of elements 
on which <p takes positive values. B being the subsequence of elements on 
which (ft takes negative values (notice that A and B depend only on F and 
not on the choice of (ft). Accordingly we write My = Ma © Mb- Thus 
every z £ My can be uniquely decomposed as z = za © Zb with za € Ma, 
zb e M B . 

Let Ea = A Ma graded as E\~ © E^ taking the odd and even degree 
parts. 

Definition 4.7. The morphism T, F between the trivial bundles My x E\ 
and My x is defined by 

Sf = c(z A ) Vz G My. 

It is clear that the support of is the subspace Mg. We deduce 

Lemma 4.8. The intersection of the support of T, F with Zy reduces to the 
zero vector. 
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Proof. Indeed, in Zy, X^aeA \ z a\ 2 a = ~~ YlbcB \ z b\ 2 b- If we are in the support 
of T> F each z a = so the we deduce that — ^6gb \ z b\ 2 b = 0- Since (ft takes 
a negative value on each b € B, this implies that z& = for all b. □ 

We deduce that the restriction of Y, F to Zy defines an element of Kq(Zy) 
still denoted by T, F . 

Let us now consider the case Y = XU—X. In this case My = M X (BM X = 
T*M X so that Bott (T*M X ) gives a class in K°(T*M X ), whose index is the 
trivial representation of G (see [2]). 

We may restrict Bott (T*M X ) to TqM x getting a class whose index mul- 
tiplicity is the delta function 5q on A. 

In order to get further elements of Kq(TqM x ) we follow the construction 
of Boutet de Monvel as follows. 

Consider the R— linear G— isomorphism h of M x with M x given by 

e(z) :=K(< z,h(0 >). 

Here 3?(< zi,#2 >) is f ne rea l part of the Hermitian product on M x , a 
positive definite inner product. The isomorphism h induces a R-linear G— 
isomorphism, still denoted by h, of T*M X with M x © M x . 

Let F be a regular face of the arrangement X (and hence also of Y = 
X U —X). Let (ft € F so that X = AUB, with <^> positive in A and negative 
on B. We denote by J the standard complex structure on M x and by Jp the 
complex structure on M x defined as Jp is J on Ma and — J on Mg. Then 
the list of weights of G for this new complex structure on M x is A U — £?. 

We consider the associated one form a F on M which has moment map 

a£A beB 

Clearly the zero fiber is reduced to {0}. 

Lemma 4.9. Consider the isomorphism ofT*M x with M x @M x given by 
(z,0 -> [h(Q + J F z,h{£)-J F z]. 

In this isomorphism the moment map fi on T*M X associated to the Li- 
ouville form becomes the moment map [\vf, ~\ v f\ for [^o~f, —^a F ]. 

In particular under the above isomorphism, the space TqM x is identified 
with the zeroes of the moment map [^up, —^up]. 

We define the map 

(26) p F :T*M x -> M x 

by Pf(z,Q = h(£) + J F z. 

Definition 4.10. We set 

S F (z,0 =c(h(0 + J F z). 

In other words, T, F = p^Bott(Mx) is the pull-back of the morphism 
Bott(Mx) by p F . 
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By Lemma 14.91 and Lemma 14.81 the intersection of the support of T, F 
with TqM is reduced to the zero vector. Thus T, F determines an element of 
Kq(TqMx) which depends only of the connected component F of (j> in the 
set of regular elements. 

Denote by p the representation of G in Mx , and also by p the infinitesimal 
action of g in Mx- If <t> 6 0, and z = ^2 a z a is in Mx, then p(4>)z = 

Lemma 4.11. The symbol T, F is equal in K-theory to the Atiyah symbol 

At F (z,0=c(h(0+ P (cf>)z) 

(see H6]J. 

Proof. Indeed, for t £ [0, 1], it is easy to see that the 

At F (z, = c(h(0 + {tp{<j>) + (1 - t)J F )z) 

is transversally elliptic. Thus At F and Y, F being homotopic coincide in 
-KT-theory. □ 

Let us consider 

®x(e x ) = Y. V xWe l{X > x) 
x 

generalized function on G. 
Recall Atiyah theorem, p], §6 (see also Appendice 2 [8]). 

Theorem 4.12. 

mdex(At F )(g) = (-l) W g ax e x (g) = e F x (g)- 
We translate immediately this theorem as follows. 
Theorem 4.13. Let F be a regular face. Let 

S F = p^Bott(Mx). 

Then md m (T, F ) = V_ x 

This identity agrees with some simple remark. 
Remark 4.14. In the -ftT-theory of Kq(TqM), we have the identity 

(AM_ x )S f = Bott(M x M_x)- 
Applying the index, we obtain the identity 

11(1- e- i{a ' x) )mdex(At F )(e x ) = 1. 
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4.15. The infinitesimal index. Consider N an oriented G-manifold, equipped 
with a G-invariant 1-form a. Recall that Z is the set of zeroes of the moment 
map [i : N — )• g*. 

We denote by i x the contraction of a differential form on N by the vector 
field v x associated to x on N. We have defined in [17] a Cartan model for the 
equivariant cohomology with compact supports H G c (Z) of the subset Z of 
N. This is a Z-graded space. A representative of this group is an equivariant 
form a(x) with compact support: a : g — > A C (N) such that D(a) is equal 
to in a neighborhood of Z. The dependance of a in x is polynomial. Here 
A C (N) is the space of differential forms with compact supports on N, while 
the equivariant differential D is defined by 

Da(x) = da{x) — L x a(x). 

Clearly, an element a 6 H G c (N) of the equivariant cohomology with 
compact supports of N defines a class in H G C (Z). Indeed Da = on all N. 

Remark 4.16. If a is an equivariantly closed form on N such that the support 
of a intersected with Z is a compact set, we associate to a an element 
[a] c in the equivariant cohomology with compact supports of Z defined as 
follows. Take a G-invariant function x equal to 1 in a neighborhood of Z 
and supported sufficiently near Z, then x a is compactly supported on N 
and Da = in the neighborhood of Z where X = 1, thus defines a class [a] c 
in Hq c {Z) independent of the choice of \. 

Let us now recall the definition of the infinitesimal index of [a] € H G C {Z). 
Let fl = da and set Q(x) = Da(x) = fi(x) + S7. £l(x) is a closed (in fact 
exact) equivariant form on N. If / is a smooth function on g* with compact 
support, let 

f(x) := I , f { c)<l£ 

be the Fourier transform of /. Choose the measure dx on g so that the inverse 
Fourier transform is /(£) = f e*^ ' x ^f(x)dx, thus f(x)dx is independent of 
the choices. 

The double integral 

f f e isn{x) a(x)f{x)dx 

is independent of s for s sufficiently large. 
We then defined: 

(27) (infdex£([al),/) := lim I [ e isn ^a(x)f(x)dx. 

This is a well defined map from H G C {Z) to distributions on g*. It is a map 
of S[g*] modules, where £ G g* acts on forms by multiplication by (£, x) and 
on distributions by id^. 
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As the notation indicates, infdex^, depends only on fx, and not on the 
choice of the real invariant form a with moment map u. We can obviously 
also change u to a positive multiple of [i without changing the infinitesimal 
index. However, the change of [i to —a usually changes radically the map 
infdex. 

Remark 4.17. Clearly, if a is a closed equivariant form with compact sup- 
port on N, then the infinitesimal index is just the Fourier transform of the 
equivariant integral f N a(x) of the equivariant form a, as e is ™ x ) = e isD(J \ x ) 
is equivalent to 1 for any s. 

We have extended, using the same formula (|27p . the definition of infdex^, 
to a Z/2Z graded cohomology space Hq'™(Z) that we now define. 

A representative of a class [a] in TLg'™(Z) is a smooth map a : g — > 
A C (N), such that the dependance of a(x) in x is of at most polynomial 
growth, and such that D(a) is equal to in a neighborhood of Z. The index 
m indicates the moderate growth on q . 

As we will recall in Subsection 15. 21 . the equivariant Chern character ch(E) 
of an element S £ Kq(Z) belongs to the space Tl^'™{Z). 

We note the following. 

Proposition 4.18. Let b{x) = J* e*^ ,x W(£)d£ be the Fourier transform of 
a compactly supported distribution m(£) on g* . Then b{x) is a function on 
q of moderate growth and the space H^'™(Z) is stable by multiplication by 
b(x). 

Furthermore 



(28) infdex^ (ba) = m * infdex^ (a). 

The character group A acts on forms with moderate growth by multipli- 
cation by e i ^ ,x \ for A £ A, inducing an action on cohomology. It also acts 
on distributions on q* by translations: 

t x D(f) = D(t-xf) = D(f(t + \)). 

Proposition 4.19. The map infdex is equivariant with the respect to the 
previous actions of A. 

Proof. The proposition follows from the definition of infdex once we notice 
that 

tZj = e t{X ' x) f 

for any function / on g* lying in the Schwartz space. □ 

4.20. Some explicit computations in cohomology. Recall that if is 
a vector space provided with an action of G, Hq c {N) is a free S[q*] mod- 
ule with a generator Thom(A^) with equivariant integral J N Thom(N)(x) 
identically equal to 1 (see for example [22]). 
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Notice that in particular, by Remark 14.171 if N is a vector space with 
a (any) real one form a, then Thom(iV) defines an element of H G c (Z) 
with infinitesimal index equal to the 5- function of q*. The form Thom(iV) 
depends of the choice of an orientation of N. 

Let Y be a sequence of vectors in A and M := My be the corresponding 
complex G-representation space. We give to M the orientation given by its 
complex structure. 

We want to describe Thom(My). For this it is sufficient to give the 
formula of the Thorn form for M = L a , a complex line. The formula for 
Thom(My) is then obtained by taking the exterior product of the corre- 
sponding equivariant differential forms. 

If a{x) is an equivariant form on a G-manifold M, fixing m E M, we may 
write a[m](x) for the element a{x) m E f\T^M defined by the differential 
form a(x) at the point m. 

Let L a = C with coordinate z. The infinitesimal action of x E Q is given 
by i(a,x). Choose a function x on M with compact support and identically 
1 near 0. Then 

(29) Thom(L a )[z](x) = -±-(x(\z\ 2 )(a, x) + ^{\z\ 2 )i{dz A dzj) 

is the required closed equivariant differential form on L a with equivariant 
integral identically equal to 1. 

As in section 14.41 we fix an G-invariant Hermitian structure on My and 
take the G-invariant real one form ay = —1/29 < z,dz > with moment 
map fiy(z) = 2 SaeY \ z a\ 2<1 and zero fiber Zy ■. 

We define some elements of Hq c (Zy) by an analogous procedure to the 
-fT-theory case. Of course, the restriction of Thom(My) to Zy defines an 
element in H G c (Zy). 

Let us construct some further elements of H Gc (Zy), not coming by re- 
striction to Zy of a compactly supported class on My. 

As before we start with the basic case in which there is <p E Q strictly 
positive on all the characters a E Y, then Z = {0} and its equivariant 
cohomology with compact supports is the algebra S[g*] generated by 1. 

Do not assume any more that the weights Y generate a pointed cone. Let 
F be a regular face for Y. Let A be the subsequence of Y where <p takes 
positive values and B be the subsequence where <j) takes negative values. 
Write My = M A ®M B . Then the pull back of Thom(M A ) by the projection 
My — > Ma is supported near Mb- Thus the support of the pull back of 
Thom(M J 4) intersected with Zy is compact, and therefore, as explained in 
Remark I4.16|, Thom(M J 4) defines a class in H Gc (Zy). We can write an 
explicit representative of this class by choosing a G invariant function \ on 
My identically equal to 1 in a neighborhood of Zy and supported near Zy. 
Then our representative will be given by 

t F [z](x) := X (z)Thom(M A )[z A ](x). 
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Consider the inclusion is '■ Mb — > My. In [18J we have defined a map 
(ib)\ '■ Hq c {Zb) — > Hq c (Zy) preserving the infinitesimal index. In this 
setting we see that the class t F £ H G c (Zy) is by definition a representative 
of(i B ),(l). 

We now compute the infinitesimal index infdex^([a]) of the elements t F . 
The equivariant Thorn form has equivariant integral equal to 1, so that 
by Fourier transform 

infdex£(Thom(M y )) = 5 

where 5o is the ^-distribution on g*. 

Consider now the element t associated to F. The subsequence B spans 
a pointed cone. We can then define the partial multispline distribution Tb 
on g*. 

Theorem 4.21. infdex£.(i F ) = (2i7r) I s ! Tb, where Tb is the multivariate 
spline. 

Proof. Since the class t F 6 H G c (Zy) is a representative of (is)!(l)and i\ 
preseserves infdex, we are reduced to prove our theorem when Ma = 0. The 
computation is reduced to the one dimensional case by the product axiom, 
|18j . Let us make the computation in this case, that is when My = L^. 

The action form a in coordinates z = v± + iv2 is ^(vidv2 — V2dv\), so 
Da(x) = dv\ A dv 2 + \{b,x)\\v\\ 2 . 

Let x(t) De a function on M with compact support and identically equal 
to 1 in a neighborhood of t = 0. Then by definition, we get 

foo 1 1 1 1 2 



p poo I 7)11* II || 2 

(infdex^(l),/) = lim / / x {^) e is ^ x )^- e isdvidv2 f{x)dx 
s-*™ JSP J -oo 2 

r poo IItjIP ||u|| 2 

lim is / x(— —)e ls ( b ' xS >^~ dvidv2f{x)dx. 



-oo 

is I I x(^z 

s^oo / _ 

II 1 1 2 

We pass in polar coordinates on M 2 , and take t = as new variable. 
We obtain 

poo poo 

lim 1ms \ \ x(t)e i{stb ' x) f(x)dxdt. 

lt=0 Jx=-oo 



s— >oo 



Change t in t/s, and use the Fourier inversion formula, we obtain 

poo 

<infdex£(l),/)=2wr lim / X (t/s)f(tb)dt. 

s^oo J 

Passing to the limit, as x is identically 1 in a neighborhood of and / is 
compactly supported, we obtain our formula 

poo 

(infdexfc(l),/) = 2m / f(tb)dt. 

Jo 

□ 
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Exactly as in the if-theory case, when Y = X U — X, that is (T*Mx)° = 
TqMxi we can use this construction to get classes in t F G Hq c {TqMx) and 
compute their infdex. Let F be a regular face for X. Consider the map 
PF : T*M X -> M x defined by p F (z,£) = h(£) + J F z (cf. Section WM- We 
have: 

Theorem 4.22. Let x be a G -invariant function on T*Mx identically equal 
to 1 in a neighborhood of TqMx and supported near TqMx ■ Then 

t F = X P* F Thom(Mx) 

defines a class in H Gc {T G M x ) such thatMdex G fJ '(t F ) = (2i7r) |x| Tf . 

Proof. This is obtained from the preceding calculations. Indeed the infini- 
tesimal index depends only on the moment map. So, using Lemma 14.91 we 
are reduced to the calculation performed in Theorem 14.211 The sign comes 
from taking in account the orientations on T*Mx- Indeed in the isomor- 
phism of T*M X with M x © M x , the orientation of T*M X is the 
orientation given by the complex structure on Mx © Mx ■ 

□ 

5. The equivariant Chern character and the index theorem 

In this section, we compare the equivariant i<C-theory and the equivariant 
cohomology via the Chern character. 

5.1. Motivations. Our goal is to compute the multiplicity index of a sym- 
bol S G Kq(TqM) in terms of the infinitesimal index of the equivariant 
Chern character of S for a general G-manifold M. We are going to provide 
a direct formula at least in the case where M = Mx- This construction is 
motivated by taking the Fourier transform of the formula of Berline-Vergne 
for the equivariant index of a transversally elliptic operator ([8], [7], [M] 
where one can also find the various notations and definitions). We first 
recall this formula in the simple case of elliptic symbols. 

In this case the equivariant Chern character ch(E) of an element E G 
K^(T*M) is an element in U^ C (T*M) and the index of E is a regular 
function on G. For x G small enough, 

(30) index(E)(e a; ) = (2ivr)- dimM / ch c (E)(x)A(T*M)(x), 

Jt*m 

where A(T*M)(x) is the equivariant A genus of T*M, ch c (E)(x) is the 
Chern character with compact support and A{T* M){x) is defined for x 
small enough. For any element g G G, similar "descent formulae" are given 
for index(E)(<7e :c ) where the integral is over T*M 9 , M 9 being the fixed point 
set of the action of g G G on M. 

Let oj be the canonical (Liouville) 1-form on T*M: u m ^(V) = (£,p*V). 
Let E be a transversally elliptic symbol. In [8], [7], it is shown that, although 
ch(E) is not compactly supported, the formula 
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(31) index(S)(e x ) = (2ivr)- dimM / e~ iDul{x) ch(Z)(x)A(T*M)(x) 

Jt*m 

still holds as a generalized function of x, for a sufficiently large class of 
transversally elliptic symbols. The factor e -~ iDul ( x ) [ s congruent to 1 in co- 
homology, but is crucial in defining a convergent oscillatory integral when 
ch(S)(x) is not compactly supported. 

Let us write more explicitly Formula (13 1 1) in the case where M is a man- 
ifold such that T*M is stably equivalent to M x R, a trivial vector bundle: 
here R is a real representation space of G. Consider the sequence Xr of 
weights of G in R <g> C. Thus if a € Xr, then —a £ Xr. Consider the 
function 

nl — e ~'i{a,x) 
~l \ 
i{a, x) 

aex R x ' ' 

on g. Then the equivariant class A(T* M)(x) is just the function jr(x) 
and is defined only for x small enough. In this "trivial tangent bundle case" , 
Formula (|3ip implies that 



j i? (x)index(S)(e :r ) = (2ivr)- dimM I e - iDa ^ch(£)(x). 

Jt*m 

Recalling Formula and the definition of ind m (£), we obtain 

B Xr (x) Vind m (£)(A)e^ = (2ivr)- dimM f e -^^ch(S)(x). 
" Jt*m 

Let [i be the moment map on T*M associated to the one form to. Thus, by 
Fourier transform, this equality suggests that the following formula should 
hold: 



(32) B Xr * d ind m (S) = (2m)- dimM infdex-^(ch(S)). 

All the terms of this formula make sense, since we will show in Subsec- 
tion [52] that ch(S) belongs to the cohomology Hq' c (TqM) of classes with 
compact support on TqM where the infinitesimal index is defined. 

Consider now M = Mx, our representation space for G. We always 
will consider Mx as a real G-manifold, except if specified differently. Let 
T*Mx = Mx x M x is a trivial vector bundle. Here M x is thus considered as 
the real vector space dual to Mx ■ The sequence of weights of G in M x ® C 
is the sequence XL) (—X). Note that the real dimension of Mx is 2|X|. Our 
aim in the next subsections is to see that Formula (|32h indeed holds for any 
S G K G (T G M X ). 

Finally using " descent formulae" for g running over the finite set of toric 
vertices of the system X, we will use Theorem 12. 291 to give a formula for the 
multiplicity function ind m (S) on A. 
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Let us point out that we could use the formulae of [8] , [7] or [M] . However 
we found instructive to prove Formula f)32f) directly in the case of Mx is a 
vector space using the explicit description of the generators of Kq(TqMx) 
given in [16]. Using the functoriality principle, we hope that it will be possible 
to describe directly ind TO (E), a function on A, in function of infdexgr(ch(S)) ; 
a function on g*, for any transversally elliptic operator on a general G- 
manifold M. 

5.2. The equivariant Chern character. We recall the construction of 
ch(S) for S a morphism of vector bundles on a general G-manifold N. We 
refer to [23] for the comparison between the different constructions of the 
Chern character. 

Let £ be a G-equivariant complex vector bundle on N. We choose a G- 
invariant Hermitian structure and a G-invariant Hermitian connection V on 
£. For any x £ g, let C x be the action of x on the space F(N, /\ T*N <S> £) of 
£ valued forms on N. The operator j(x) := C x — V x is a bundle map called 
the moment of the connection V. At each point n £ N, j{x) is an anti- 
hermitian endomorphisms of £ n . Let F be the curvature of the connection 
V, thus F is a two- form on A" with values in the bundle of anti- hermitian 
linear operators on £. 

The equivariant curvature of £ at the point n is by definition j(x) + F. 
Then the equivariant Chern character ch(£ , V) is the equivariant differential 
form 

ch(£,V)(x) = Ti{e j{x)+F ). 
This is a closed equivariant differential form on A" with C°° coefficients (see 
[5], chapter 7). 

Lemma 5.3. Over any compact subset of N , the Fourier transform of the 
equivariant Chern character x — > ch(£, V)(x) is a compactly supported dis- 
tribution on g*. 

Proof. Let us fix n € N. Set E = £ n the fiber of the vector bundle £ at n 
and A = /\ 2 * T*A" the even part of the exterior of the cotangent space at 
n. Then (j(x) + F)(n) € A ® u where u is the Lie algebra of antihermitian 
linear operators on E. The map x — > j(x) defines a map g — > u, with dual 
map j* : u* -> g*. 

If P(E) denotes the projective space of E, we define [i p : P(E) — > u* by 

» {p){lX) = T^T" 

Here p is the point of P(E) associated to v E E — {0} and iX S u. 

By Corollary IA.2I to Nelson theorem (for completeness, in Theorem IA.1I 
we give a proof of this fact based on localization formula in equivariant 
cohomology) , 

Tr(e (i(x)+F) ) = / e i{j ^ P(p) ' x) D( P ,n) 
JP(E) 
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where D(p,n) = e^^Tr^p, u)) is a differential form on P(E) with 
values in A T*N (if F = J2 k F kU k with F k G A 2 T n N an d u k G u, e^^^ = 
e E fc ^M p (p)(«fc) i s a sm ooth function on P(E) with values in /\T*N). 
Integrating over the fiber of the map j*/i P : P(E) — > g* we obtain 

Tr(e j W +F ) = [ e^j(0 
J 3 * 

where 7(£) is a distribution supported on the compact set j* n P '(P(E)). 
Thus we see thus that at each point n of N, the function x — > Tr(eP^ +F ) 
is the Fourier transform of a compactly supported distribution on g* (with 
values in A T*N). It is clear that our estimates are uniform on any compact 
neighborhood of the point n G N. Thus we obtain our lemma. 

□ 

In particular the closed equivariant differential form ch(E)(a?) has mod- 
erate growth with respect to x G over any compact subset of N. 

Let 6 = £ + © £~ be a Hermitian G-equivariant super-vector bundle over 
N. Let S : £ + — > £~ be a G-equivariant morphism. Outside the support 
of S, the complex vector bundles £ + and £~ are "the same", so that it is 
natural to construct representatives of ch(£) := ch(£ + ) — ch(£~) which are 
zero "outside" the support of S by the following identifications of bundle 
with connections. 

Let U be a neighborhood of the support of S. We first may choose the 
Hermitian structures on so that £ is an isomorphism of hermitian 

vector bundles outside U. 

A pair of connections V + , V~ is said "adapted" to the morphism T, on U 
when the following holds 

(33) V" o E = S o V+ 

outside the neighborhood U of the support of S. A pair of adapted connec- 
tions is easy to construct. 

Proposition 5.4. Let V + , V~ be a pair of G -invariant Hermitian connec- 
tions adapted to E : £ + — > £~ . Then the differential form ch(£ + , V + ) — 
ch(£ - ,V~) is a closed equivariant differential form on M supported near 
the support o/E. We note it as ch s (E). 

The index s means with support condition. 

In particular if the support of E is compact, we can also choose the neigh- 
borhood U so that its closure is compact. We deduce that the cohomology 
class of ch s (E) lies in 'H^ , ™(N) is a compactly supported class on with 
moderate growth in x and is denoted simply by ch(E). 

Let g G G and let N g be the fixed point submanifold of g. Then g acts 
by a fiberwise transformation on £ —> N still denoted g. We still denote by 
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F the curvature of the bundle 8 restricted to N 9 . The equivariant twisted 
Chern character ch 9 (£, V) is the equivariant differential form 

ch 9 (£,V)(x) =Tr(ge (j(x)+F) ). 

This is a closed equivariant differential form on N 9 . Similarly we have the 
following proposition. 

Proposition 5.5. Let (V + , V - ) be a pair of G -invariant Hermitian con- 
nections adapted to S : £ + — > E~ . Then the differential form 

ch 9 (£)(x) = ch 9 (£+, V+)(x) - ch 9 (£~, V")(x) 

is a closed G- equivariant form on N 9 supported near the support o/£|tv9- 

Over any compact subset of N 9 , it has moderate growth with respect to 
x € 0. 

If we change the choice of connections, we can see using the usual trans- 
gression formulae for Chern characters (see for example [23]) that the class 
ch 9 (S) stays the same in the cohomology with moderate growth: that is, 
the boundary v(x) expressing the change of ch s (S) with respect to the con- 
nection remains with moderate growth with respect to x, over any compact 
subset of N 9 . 

We return to the situation where N = T*M is the conormal bundle to a 
G-manifold M and £ is a transversally elliptic symbol. Let x be a function 
identically equal to 1 near the set T G M and supported in a neighborhood 
of TqM whose closure has compact intersection with the support of S. We 
have 

Proposition 5.6. The equivariant form a 9 (x) = xch s (S)(x) on T*M 9 is 
compactly supported and Da 9 (x) is equal to in a neighborhood of TqM 9 . 
Over any compact subset of T G M 9 , it has moderate growth with respect to 
x € 0. 

It follows that the Chern character gives a morphism 

ch : K%(T G M) U G '™{T G M). 
Similarly for g € G, the twisted Chern character is a morphism 

ch 9 : K G (T G M) -> H G ;™(T G M 9 ). 

As we have seen in Section 14.151 the character group A acts on forms with 
moderate growth by multiplication by e % ^ ,x \ for A G A, inducing an action 
on cohomology. Of course A also acts on G equivariant vector bundles by 
tensoring with L a and inducing an action in JT-theory. We have 

Proposition 5.7. For any g G G the map ch 9 is equivariant with the respect 
to the previous actions of A. 
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Proof. Let £ be a G-equivariant complex vector bundle on N . We choose a 
G-invariant Hermitian structure and a G-invariant Hermitian connection V 
with moment j(x) and curvature. F. 

Then for the vector bundle L\®£, with endomorphism bundle canonically 
isomorphic to the one of £, we can take the same connection V. By the 
definition of the moment, we see that the equivariant curvature of L\ ® £ 
equals x) + j(x) + F giving our claim. □ 

5.8. Explicit computations of the Chern character. We consider our 
G-manifold M = M x . Choose an Hermitian structure on My. Let T, z = 
c(z) be the Clifford multiplication acting on the complex vector bundle 
f\M x . The support of S is {0} and S determines the class Bott(Mx) € 
K° G (M X ). 

The following result is well known. 

ch(Bott(M x ))(x) = {2iit)\ x \ \[ 6 .,' ~ Thom(M x )(x) 

in the cohomology group of smooth equivariant differential forms, without 
moderate growth conditions. 

In fact, this equality holds also in ^"(My). 

Proposition 5.9. We have the equality 

ch(Bott(M x ))(x) = (2i7r) |x| J[ e [' ] ~ 1 Thom(M x )(a;) 

m %™>™{M X ). 

Proof. Since M x = ® a &xL a , and both Bott(Mx) and Thom(Mx) are the 
external product of the various Bott(L a ) and Thom(L a ) for a G X, it suffices 
to prove our claim when M x = L a . 

In this case £ + is the trivial bundle L a x C, £~ = L a x L a , and the 
morphism is T, z = z. We choose V + = d. 

Let x(t) be a function on R with compact support contained in \t\ < 1 
and identically equal to 1 near 0. Let p = {x{\z\ 2 ) - l)f , a well defined G 
invariant 1-form. We consider 

Outside \z\ 2 < 1, the connections V + = d, V~ = d — — verify V~z = zV + 
so that the pair (V + , V - ) is adapted for the morphism z. 

We compute the corresponding difference of Chern characters. 

The moment j(x) of the connection V + is and the equivariant curvature 
F+(x) = 0. So ch(^+,V+) = 1. 

The moment of the connection V~ is i(a,x) + i(a, x)(x{\z\ 2 ) — 1) = 
i(a, x)x(\z\ 2 ). Thus the equivariant curvature of V~ is 

F~(x) = i(a, x) X (\z\ 2 ) - x'{\z\ 2 )dz A dz. 
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Remark that F~(x) = 0, if \z\ 2 > 1, so that ch(£+, V+) - ch(£~, V~) is 
supported on \z\ 2 < 1. Thus ch(Bott(L a )) := ch(£+, V+) - dx(S~ , V") is a 
closed equivariant form with compact support. 

We have explicitly 

ch(Bott(L ))[z](x) = (1 - e i{a ' x)x ^ 2) ) + e^ a ' x ^ z ^ X '(\z\ 2 )dz A dz. 
Let us see that ch(Bott(L a ))[z](x) is equal to 

(2ct) C< ' -^ Thom(L a )[;g](a) = 6 ' ~ 1 (t(o, x) X (\z\ 2 ) - x'(\z\ 2 )dz A dz) 
i{a,x) i{a,x) 

modulo a boundary with moderate growth. 
We consider the one form 

/ e ix(\z\ 2 )(a,x) _ i p i{a,x) _ i . j 

K*) = (( - 7 : ) - ( MNI ')) - ■ 
V i{a,x) i{a,x) / z 

We see that z/(x) is well defined and compactly supported on L a . Indeed 

ix{\z\ 2 ){a,x) _ i p i(a,x) _ i 

( 7 r ) - ( r i )x(N 2 ) 
i\a,x) i(a,x) 

is equal to if z is near where x(M 2 ) is equal to 1, and is also equal to 
when [z\ > 1 where x(M 2 ) is equal to 0. 

Furthermore the Fourier transform of (e* x ^' )i a > x ) — i) /i(a, x) is supported, 
at the point z G L a , on the interval [0, — x(|z| 2 )a]. Thus we see that v has 
moderate growth. 

Since it is easily verified that 

Dzy(z) = 2ivr^- — ^— Thom(L a )(x) - ch(Bott(L a ))(x), 
i(a, x) 

Proposition 15.91 follows. 

□ 

Let g € G. The sub-manifold M 9 for the action of g on M is Mxo where 
X 9 := [a € X \ g a = 1] a subsequence of X. Then the restriction of the 
symbol Bott(L a ) to M 9 is equal to 

Bott(M s ) <g> f\(M x \ XB ). 

Thus we obtain 
Proposition 5.10. We have 

ch 9 (Bott(M x ))(x) = (2ivr) |X91 TT 6 .' ~ ff (l- 5 ¥ <M> )Thom(M X9 )(x). 

-'■A i(a,x) 

(16X9 x ' ' 6^X9 

We now compute the Chern character of the symbol H F . Recall the map 
Pf(x,^) = h(£) + J fx from T*M to M. The morphism is the pull- 
back of Bott(Mx) via this map. It defines a class with compact support. 
Comparing with the element t F € Hq c {TqM) which is obtained as a pull- 
back of a Thorn class, from Proposition 15.91 we deduce 
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Proposition 5.11. We have the equality in W.™'™(TqM) 
ch(V F )(x) = (2^)1^1 J] e ^ > " 1 t F (x). 
The computation of the infinitesimal index follows from this formula. As 

„i(a,x) 1 r 

using Formula (|28p . we obtain: 
Theorem 5.12. 

infdex-^(ch(S F )) = (2tt) 2 ^B x * c T$. 
Similarly for any g £ G, we have 

mfdex"^^)) = (2vr) 2 l X9 l ]J (1 - g b t b )(B xa * c T F g ). 

In particular, when g is a vertex on X (Definition I2,28p . the system X 9 
spans g* and the infinitesimal index of ch 9 (T, F ) is a piecewise polynomial 
function on q* with respect to (X, A). In fact we even see that this functions 
are continuous on g*. 

5.13. The index theorem. We are now ready to compare the morphism 
index and the morphism infdex on TqMx and to prove Formula (I32p . 

We denote by Xr the sequence X U —X of characters. Remark that the 
zonotope associated to Xr contains in its closure. 

Proposition 5.14. Let X C A be a system of characters of G. Let 

X R = X U —X. 

Let E be a G-invariant transversally elliptic symbol on M . Let ind m (S) G 
Cz[A] be its multiplicity index. Let infdex^/* (ch(£)) be the infinitesimal index 
of its Chern character. Then 

B Xr * d md m (S) = (2i7r)- 2|x| infdex~ M ch(I!). 

Proof. Using Proposition 14.191 and Proposition 15. 71 . we are reduced to prove 
our equality on generators of Kq(TqMx)- We thus consider the symbol 
Ti F which, by Theorem 14.131 has infinitesimal index equal to the polarized 
partition function V F X . Recall that 

B. x * d V F x = T F x = {l)\ x \T F . 
As B Xr = B x * B_ x , the theorem follows from Theorem 15.121 □ 

Using the deconvolution theorem in the unimodular case, Proposition 
15.141 leads to the following theorem, which is strongly reminiscent of the 
Riemann-Roch theorem. Remark that as Xr contains in its interior, we 
may use any alcove containing in its closure in the limiting procedure. 
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We denote by Todd(X R ) the Todd operator associated to Xr. It acts on 
the space of piecewise polynomial functions for the system (X, A). 

Theorem 5.15. Let X C A be a unimodular system of characters ofG. Let 

Todd(x R )= n r^br 

aexu-x 

be the Todd operator. 

Let E be a G -invariant transversally elliptic symbol on M, ind m (S) E 
Cz[A] be its multiplicity index and infdex^(ch(S)) be the infinitesimal index 
of its Chern character. Then 

• infdexg /i (chS) is a piecewise polynomial measure on g* . 

• Let c be an alcove having in its closure. We have 

ind m (S) = (2ivr)- 2 l x llimTo(id(X i? )p U ,infdex^(ch(S)). 

Remark 5.16. It is possible to show in this unimodular case that the piece- 
wise polynomial function (2i7r)~ 2 ^ x ^Todd(X R )p W mfdexQ^(ch.(T,)) extends to 
a continuous function on g*. Thus its restriction to A gives the index mul- 
tiplicity. 

We formulate now the general index theorem. We denote by V(X) C G 
the set of toric vertices of the sequence of characters X of G (see Definition 
E23). 

Theorem 5.17. Let X be a sequence of elements in A and let M := Mj. 
Let 

X R = XU -X. 

Let £ be a G -invariant transversally elliptic symbol on M and ind m (E) E 
Cz[A] be its multiplicity index. 

For any g E V(X), let infdex^ M (ch 9 (S)) be the distribution on g* asso- 
ciated to the cohomology class ch 9 (S) E Hq'™ (TqM 9 ) by the infinitesimal 
index. Then 

• infdex^(ch 9 (S)) is a piecewise polynomial measure on g* . 

• Let c be an alcove having in its closure. We have 

(34)ind m (S)= Y, {2i^r 2 ^g\^D{X R \X%g)- 1 
geV(X) 

Todd(X g R ) * pw infdex G M (ch 9_1 (i;)). 

Proof. Again, using Proposition 14.191 and Proposition 15.71 , we are reduced 
to prove our equality on generators of Kq(TqMx)- 

Let K = ind m (S' F ) = (—ly x h ax Vx- From the general inversion formula 
obtained in the first part of this paper (Theorem [229]), we have only to show 
that, for every g E V(X), 
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B X * R * d (g- 1 ^ x R \x* R K) = (-l)l X \ X9 l(2vr)- 2 l X9 linfdex~^(ch^ 1 (S)). 
Now observe that 

{-l)\ x ' x °\V_ x \ { _ Xa) t ax V$ = t ax9 v F X9 

and 

B-X9 * t axg Vxs = Tx 9 ■ 

So substituing, we get 

b x % *d (a-^x^K) = (-i) |X9 ' II (i - g- h h){B x * * t£ b ). 

b<£X9 

But by Theorem EH 

infdex-^ch^^E^)) = (2vr) 2 l X9 l J] (1 - g-%){B X9 * C T&). 

b£X9 

so our claim follows. 

□ 

5.17.1. The Box spline again. It is quite amusing to verify this theorem on 
elliptic symbols. The infinitesimal index of Bott (T*M X ), after multiplying 
by l/(2i7r) 2 l x l is the double box spline Bxu-x- In the unimodular case, the 
"mother formula" 

lim Todd(X U —X) * pw Bxu-X = <5o 

expresses just the fact that the index of the elliptic operator with symbol 
Bott(T*Mx) is the trivial representation of G. 

The infinitesimal index of the elliptic symbols are thus obtained by finite 
number of translations of the double box spline. 

Appendix A. Nelson formula 

We here sketch a short and explicit proof of Nelson formula, as suggested 
to us by Michel Duflo. 

Let £ be a Hermitian vector space. The projective space P(E) is a 
Hamiltonian space for the action of the unitary group U(E). Let u be the 
space of anti-hermitian matrices: u is the Lie algebra of U{E). 

Let oj be the Kahler form on P(E). We denote by u(u) = f^ p (u) + oj 
the equivariant symplectic form. Here u € u, and fj, p (p)(u) = , and 

p € P{E) is the image of v. The form u(u) is a closed equivariant form on 
P(E). We have 

\ / P M U ) = i 

(2i7r) dimP(B) J p{E) 

Consider the £ , nd(ii , )-valued polynomial function of (u, z) 

det(n - z) 

Q(u,z) = . 

u — z 
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Here u E u and z is a variable. We can substitute ui{u) to z, so that 
(3(p,u) := Q(u,u(u)) is an End(E) valued differential form on P(E) de- 
pending polynomially of u. 

Theorem A.l. For any u £ u, we have 

(35) / e™W/3(p,u) = e iu . 

Jp(E) 

Proof. Since the formula (|35[) is clearly equivariant under conjugation and 
analytic in u, it is sufficient to prove it when u is a generic diagonal matrix. 
In this case, the formula follows right away from the localization formula of 
Berline-Vergne applied to the action of the torus exp(iu). Let us for example 
do the calculation for u a 3 x 3 matrix (the general case is identical) 



u 




Then 

/ (i6 2 - z)(i9 3 - z) 

Q(u,z) = (i0i - z){i8 3 - z) 

\ (ie x -z)(ii 

To compute the integral of e lul( - u ^ (3(p,u) over P(E), we can apply the 
localization theorem. At the point pk = Ce^, oj(u) restricts to iOk, thus the 
first diagonal entry of Q(u,uj(u))(pk) are zero except for p\ = Cei, which is 
(i02 — iOi)(i03 — i0\). Thus by the localization formula, the first diagonal 
entry of the matrix $ P / E \ e lu ^ (3(p, u) is just e~ dl . The calculation is similar 
for all diagonal entries. 

□ 

Using the fact that formula [35] is analytic in u we immediately deduce 

Corollary A. 2. Let A be a finite dimensional commutative algebra over M 
and u G A ®b> u. Then 

(36) / e^Qiu^iu)) 

JP{E) 

Proof. We write u = ^ ■ Xjfj where fj is a chosen basis for u. The two sides 
of the formula are power series in the variables Xi which coincide for real 
values of the Xi hence coincide formally and so we can substitute to the X{ 
any commuting values. 

□ 



e m . 



References 



[1] Atiyah M. F., Elliptic operators and compact groups , Springer L.N.M., n. 401, 1974. 



44 C. DE CONCINI, C. PROCESI, M. VERGNE 

[2] Atiyah, M. P.; Singer, I. M., The index of elliptic operators I. Ann. of Math. 87, 
1968, 484-530. 

[3] Atiyah, M.F.; Segal G.B., The index of elliptic operators II. Ann. of Math. 87, 1968, 
531-545. 

[4] Atiyah, M. F.; Singer, I. M., The index of elliptic operators III. Ann. of Math. 87, 
1968, 546-604. 

[5] N. Berline, E. Getzler, M. Vergne - Heat kernels and Dirac operators. Grundlehren 
der Mathematischen Wissenschaften, 298. Springer-Verlag, Berlin, 1992. viii+369 pp. 

[6] N. Berline, M. Vergne, The equivariant index and Kirillov's character formula. 
Amer. Journ. of Math. 107, 1985, 1159-1190. 

[7] Berline, Nicole; Vergne, Michele, The Chern character of a transversally elliptic 
symbol and the equivariant index. Invent. Math. 124, 1996, 11-49. 

[8] Berline, Nicole; Vergne, Michele, L'indice equivariant des operateurs transversale- 
ment elliptiques. Invent. Math. 124, 1996, 51-101. 

[9] Brion M., Vergne M., Residue formulae, vector partition functions and lattice points 
in rational polytopes. Journal of the American Mathematical Society 10, 1997, 
797-833. 

[10] Dahmen W., Micchelli C, On the solution of certain systems of partial difference 
equations and linear dependence of translates of box splines, Trans. Amer. Math. 
Soc. 292, 1985, 305-320. 

[11] Dahmen W., Micchelli C, The number of solutions to linear Diophantine equations 
and multivariate splines, Trans. Amer. Math. Soc. 308, 1988, 509-532. 

[12] De Boor C, Hollig K, Riemenschneider S.,Box Splines Applied Mathematical 
Sciences 98 Springer-Verlag New- York (1993) 

[13] De Concini C, Procesi C, Toric arrangements. Transform. Groups 10, 2005, 387-422. 

[14] De Concini C, Procesi C, Topics in hyperplane arrangements, polytopes and 
box-splines Universitext, Springer-Verlag New- York (2010), XXII+381 pp. 

[15] De Concini C, Procesi C, Vergne M., Partition function and generalized Dahmen- 
Micchelli spaces Transform. Groups Online First, 21 June 2010. 

[16] De Concini O, Procesi O, Vergne M. Equivariant if— theory and index of transver- 
sally elliptic operators. Transform. Groups Online First, 21 June 2010. 

[17] De Concini O, Procesi O, Vergne M. The infinitesimal index, arXiv: 1003.3525 
03/2010. 

[18] De Concini O, Procesi O, Vergne M., Infinitesimal index: cohomology computations. 
Transform. Groups 16, 2011, 717-735. arXiv : math: 1005.0128 



BOX SPLINE 



15 



[19] Khovanskil, A. G. and Pukhlikov, A. V. , The Riemann-Roch theorem for integrals 
and sums of quasipolynomials on virtual polytopes, Algebra i Analiz 4, 1992, 188-216. 

[20] Nelson E., Operants: A functional calculus for non-commuting operators, Functional 
Analysis and Related Fields (Proc. Conf. for M. Stone, Univ. Chicago, Chicago, 111., 
1968), Springer, New York, 1970, 172-187. 

[21] Paradan, P-E. and Vergne M., Quillen's relative Chern character. Algebraic analysis 
and around, Adv. Stud Pure Math. 54, Math. Soc. Japan, Tokyo (2009) arXiv: 
math: 0702575. 

[22] Paradan, P-E. and Vergne M., Equivariant relative Thorn forms and Chern characters 
arXiv:math:0711.3898. 

[23] Paradan, P-E. and Vergne M., Equivariant Chern characters with generalized 
coefficients arXiv:math/0801.2822 

[24] Paradan, P-E. and Vergne M., The index of transversally elliptic operators. 
Asterisque 328, 2009, 297-338. larXiv:0804.T225l 



[25] Vergne M., A Remark on the Convolution with Box Splines. Ann. of Math. 174, 
2011, 607-617. larXiv: 1003. 15741 



